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. Abstract 

\l . In this paper it is proved that the volumes of the moduli spaces of 

' polarized Calabi-Yau manifolds with respect to Weil-Petersson metrics 

are rational numbers. Mumford introduce the notion of a good metric on 
vector bundle over a quasi-projective variety in [11]. He proved that the 
^ ^' Chern forms of good metrics define classes of cohomology with integer 

D , coefficients on the compactified quasi-projective varieties by adding a di- 

• visor with normal crossings. Viehweg proved that the moduli space of CY 

manifolds is a quasi-projective variety. The proof that the volume of the 
moduli space of polarized CY manifolds are rational number is based on 
' the facts that the norm on the dualizing line bundle over the moduli 

^ ' space of polarized CY manifolds is a good metric. The Weil-Petersson 



metric is minus the Chern form of the metric on the dualizing line 
bundle. This fact implies that the volumes of Weil-Petersson metric are 
rational numbers. Also we get that the Weil-Petersson metric is a good 
metric. Therefore all the Chern forms define integer classes of cohomolo- 
gies. 
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1 Introduction 

1.1 General Remarks 

There are several metrics naturally defined on the moduli space of Riemann 
surfaces. One of them is the Weil-Petersson metric. The Weil-Petersson metric 
is defined because of the existence of a metric with a constant curvature on 
the Riemann surface. Its curvature properties were studied by Ahlfors, Bers, S. 
Wolpert and so on. 

The generalization of the Weil-Petersson metric on the moduli space of higher 
dimensional projective varieties was first introduced by Y.-T. Siu. He gave 
explicit formulas for the curvature of Weil-Petersson metric. See [12]. The 
generalization is possible thanks to the solution of Calabi conjecture due to 
Yau. See [H]. For Calabi- Yau manifolds it was noticed in and ^13^ that the 
Weil-Petersson metric can be defined and computed by using the cup product 
of (n — 1, rt) forms. 

Another metric naturally defined on the moduli space of polarized CY man- 
ifolds is the Hodge metric. The holomorphic sectional curvature of the Hodge 
metric is negative and bounded away from zero. The holomorphic curvature 
of the Weil-Petersson metric is not negative. Recently some important results 
about the relations between the Weil-Petersson metric and Hodge metric were 
obtained. See [3], [8], [9] and [10]. 

Ph. Candelas and G. Moore asked if the Weil-Petersson volumes are fi- 
nite. For the importance and the physical interpretation of the finiteness of the 
Weil-Petersson volumes to string theory see [2], [4] and [16]. In this paper we 
will answer Candelas-Moore question. Moreover we will prove that the Weil- 
Petersson volumes are rational numbers. I was informed by Prof. Lu that he 
and Professor Sun also proved the rationality of the volumes. See [10 j . 

In 1976 D. Mumford introduced the notion of good metrics on vector bundles 
on quasi-projective varieties in [11]. He proved that the Chern forms of good 
metrics define classes of cohomology with integer coefficients on the compactified 
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quasi-projective varieties by adding a divisor with normal crossings. Viehweg 
proved that the moduh space of prioritized CY manifolds is a quasi-projective 
variety. The idea of this paper is to apply the results of Mumford to the moduli 
space of CY manifolds. We proved that the metric on the dualizing sheaf 
is good. It was proved in [T3] that the Chern form of the metric on the 
dualizing sheaf defines the Weil-Petersson metric on the moduli space. See also 
[13] . So if we prove that the metric on the dualizing sheaf is good then it will 
imply that the Weil-Petersson volumes are rational numbers. We will explain 
what is the meaning of a metric on a line bundle is good one. 

According to [T7] the moduli space of polarized CY manifolds 971l(M) is 
a quasi-projective variety. Let 97li(M) be some projective compactification of 

2nL(M) such that 

D =OTL(M)-fmL(M) 

is a divisor of normal crossings. The meaning that the metric h on a line bundle 
over 9JIl(M) is good is the following; Let Too € S), let be an open polydisk 
containing Too, then ft, is a good metric on some line bundle £ defined on 9JtL(M) 
if the curvature form of the metric of the line bundle around open sets 

is bounded from above by the Poincare metric on [D*)^ plus the standard 
metric on D^^^ . This implies that if we integrate the maximal power of the 
curvature form over S[)Tl(M) we get a finite number. Moreover such curvature 
forms are forms with coefficients distribution in the sense of Schwarz and they 
define classes of cohomology of ^^^(M), . 

Our proof that the metric h on the relative dualizing sheaf is a good 
metric is based on the construction of a canonical family of holomorphic forms 
uJt on the Kuranishi space given in 514] . The canonical family of holomorphic 
forms defines a special holomorphic local coordinates in the Kuranishi space 
where the components of the Weil-Petersson metric are given by 

Since 

then around a point 

Too e S = OTI(M)-9JIl(M) 

we can compute explicitly h. Let be any polydisk in S[)Ti(M) containing Too- 
Let 

Let TT :Ui X ... x {D*)^ be the uniformization map. From the results in 

[14] we deduce the following explicit formula for the pull back of the metric 
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on the relative dualizing sheaf /i on Ui x ... x x D : 

W'^tW I(D*)'=x_D"-'' ■= ^I(D*)'=xD"-'' — 
k N 

||c^.||^:=MT,r):=^(l-|r'p)+ ^ (l - ) + </.(r, r) + <), (1) 

i=l j=k+l 

for < |r*| < 1, < < 1 where 0(T,r) and '^{t^t) are bounded real analytic 
functions on the unit disk. The expression ([1]) shows that the metric /i is a 
good metric. This implies that the volumes of Weil-Petersson metrics are finite 
and they are rational numbers. Moreover it implies that Weil-Petersson metric 
is a good metric. So the Chern forms of it define classes of cohomologies in 

(^gjlL(M),z) according to [U]. 

1.2 Description of the Content of the Paper 

Next we are going to describe the content of each of the Sections in this article. 

In Section 2 we review the basis results from [14] and in [13] about local 
deformation theory of CY manifolds. We also review the results of [7] about the 
global deformation Theory. 

In Section 3 we review Mumford Theory of good metrics with logarithmic 
growth on vector bundles over quasi-projective varieties developed in [llj. 

In Section 4 we prove that the metric on the dualizing line bundle over 
the moduli space is a good metric in the sense of Mumford. This results implies 
that the Weil-Petersson volumes are rational numbers. 

1.3 Acknowledgements 

Part of this paper was finished during my visit to MPI Bonn. I want to thank 
Professor Yu. I. Manin for his help. Special thanks to Ph. Candelas and G. 
Moore for drawing my attention to the problem of the finiteness of the Weil- 
Petersson volumes. I want to thank G. Moore for useful conversations long time 
ago on this topic and his useful comments. 

2 Moduli of Polarized CY Manifolds 
2.1 Local Moduh 

Let M be an even dimensional G°° manifold. We will say that M has an almost 
complex structure if there exists a section / e C°°{M, Hom{T* ,T*) such that 
P — —id. T is the tangent bundle and T* is the cotangent bundle on M. This 
definition is equivalent to the following one: Let M be an even dimensional 
C°° manifold. Suppose that there exists a global splitting of the complexified 
cotangent bundle T* (g) C = ® Vt°^^, where 9P'^ = Then we will say 

that M has an almost complex structure. We will say that an almost complex 
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structure is an integrable one, if for each point x gM there exists an open set 
U cM such that we can find local coordinates z^,..,z'^, such that dz^,..,dz" 
are linearly independent in each point m G U and they generate ri^'*^!;/. 

Definition 1 Let M be a complex manifold. Let <p G r(Af, i7om(ri^'°, 17"'^)), 
then we will call <j) a Beltrami differential. 

Since r(M, Hom{Q}'°, f^O'^)) ^ r(M, f^O'^ ® T^'"), we deduce that locally 
can be written as follows: <j)\u =^ 't'^dz" ® From now on we will denote 
by the following linear operator: 

^ \ 0(r) id ) ■ 

We will consider only those Beltrami differentials cj) such that det{A^) ^ 0. The 
Beltrami differential defines an integrable complex structure on M if and only 
if the following equation holds: 

50=i[0>], (2) 

where 

|c/:= 

n / n \ „ 

E E E(<^^(^.'/^)-^f(^-^))p"^^'^^ 

(See [S].) Kuranishi proved the following Theorem: 

Theorem 2 Let {0;} he a basis of tiarmonic (0,1) forms of M.^{M,T^''^) on 
a Hermitian manifold M. Let G be the Green operator and let <^(r^,..,r^) be 
defined as follows: 

^ 1- 

1=1 

There exists £ > such that for t — {t^ , ...,r^) such that \Ti\ < e the tensor 
(/)(ri, ...,T^) is a global C°° section of the bundle f^^^.i) T^-°.(See l5l) 

2.2 Affine Flat coordinates in the Kuranishi Space 

Based on Theorem [21 the following Theorem is proved in [14]: 

Theorem 3 Let M be a CY manifold and let {(f)i\ he a basis of harmonic (0, 1) 
forms with coefficients in T^''^. Then the equation (0 has a solution in the form: 

N 
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^^T^ + ^d*G[<t>{T\ T^), 0(ri, r~)] (5) 

i=l 

and 9 (j){T^ , ...,T^) = 0, — difij^j where In — (ii,...,ijv) is a multi- 

index, 

and t/iere exzste e > such that when |r*| < e (/){t) e C°°(M, 17°'^ ^T^'^) where 
1=1,..., N. 

Definition 4 T/ieoremO implies that the Kuranishi space K, is defined as fol- 
lows: Let e > be such that the Beltarmi differentials 4>{t) defined by Q satisfy 
Theorem\^ then 

JC:{T={T\...,T^W\<e}. 

Thus T = (t^, ) such that \t^\ < e is a local coordinate system in JC. It will 

be called the flat coordinate system in IC. 

It is a standard fact from Kodaira-Spencer-Kuranishi deformation theory 
tliat for eacli r = (r^,...,r^) S /C as in Tlieorem [3] the Beltrami differential 
(/)(t^, ) defines a new integrable complex structure on M. This means that 

the points of IC, where 

/C:{r = (r\...,r^)||r'|<e} 

defines a family of operators dr on the C°° family /C x A/ — > M and dr are 
integrable in the sense of Newlander-Nirenberg. Moreover it was proved by 
Kodaira, Spencer and Kuranishi that we get a complex analytic family of CY 
manifolds tt : X ^ IC, where as C°° manifold X ii: /CxM. The family 

tt:X^IC (6) 

is called the Kuranishi family. The operators dr are defined as follows: 

Definition 5 Let {Ui} be an open covering of M, with local coordinate system 
{Zj^} where fc = 1, dimcM= n. We know that the Beltrami differential is given 
by: 

Y.{c^{T\...,T^))1dz^®—j:. 

Then it defines the dtj, operator associated with the new complex structure as 
follows: 

(^rJ-=-±Wr\...,r-))l±,. (7) 

k=l 

In [14] the following Theorems were proved: 
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Theorem 6 There exists a family of holomorphic forms oj-t of the Kuranishi 
family (0) such that in the coordinates {t^ , ...,t^) we have 

Theorem 7 There exists a family of holomorphic forms ojr of the Kuranishi 
family (0) such that in the coordinates {t^ , ...,t^) we have 

{[LJr], [uJr]) = (-l)^^^T^ ^^^~^"/ ^ = 

M 

1 - ^ (woJ(/>i, WoJ0j) T\i + 

and 

([w,],K]) < ([wo],ko]). (9) 



2.3 Weil-Petersson Metric 

It is a well known fact from Kodaira-Spencer-Kuranishi theory that the tangent 
space Tr^K. at a point r G /C can be identified with the space of harmonic (0,1) 
forms with values in the holomorphic vector fields ]HI^(Mt-, T). We will view 
each element (f> e (M,- , T) as a point wise linear map from 1^^'°'' ^m'^"*- 
Given 0i and 02 G IHI-'^(Af^, T), the trace of the map 

0io0^:<^)^<^) 

at the point m gM^- with respect to the metric g is simply given by: 

n 

Tr(0io0^)(m)= ^ ('^i)r(^/'5fc,TrJ (10) 

/c,/,m— 1 

Definition 8 FFe ™ZZ define the Weil-Petersson metric on K, via the scalar 
product: 

(01,02) = j Tr{cP,o^)volig). (11) 

M 



A very natural construction of a coordinate system r = (r^, ...,t^) in /C is 
istructed in [14] such that the co 
are given by the following formulas: 



constructed in [14] such that the components j of the Weil Petersson metric 
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9U = ^3+QRw-'-' + 0{r'). 



Very detailed treatment of the Weil-Petersson geometry of the moduh space 
of polarized CY manifolds can be found in [S] and [S]- In those two papers 
important results are obtained. 

2.4 Global Moduli 

Definition 9 We will define the Teichmiiller space T (M) of a CY manifold M 
as follows: T{M) -.^ I{M)/ Dif fo{M), where 

X{M) :— {all integrable complex structures on M} 

and Difff)(M) is the group of diffeomorphisms isotopic to identity. The action 
of the group Dif fofM) is defined as follows; Let (p CzDiffo (M) then (p acts on inte- 
grable complex structures on M by pull back, i.e. if I ^ C°°{M, Hom{T{M), T{M)), 
then we define 4>{It) = 4'*{It)- 

We will call a pair (M; 71, 7b„) a marked CY manifold where M is a CY 
manifold and {71, 7b^} is a basis of i?„(M,Z)/Tor. 

Remark 10 Let K, be the Kuranishi space. It is easy to see that if we choose a 
basis of Hn (M^ZiJ/Tor in one of the fibres of the Kuranishi family tt : X/c—f K, 
then all the fibres will be marked, since as a C°° manifold X^. ~Mx/C. 

In [7] the following Theorem was proved: 

Theorem 11 There exists a family of marked polarized CY manifolds 

Zl^1{M), (12) 

which possesses the following properties: a) It is effectively parametrized, b) 
For any marked CY manifold M of fixed topological type for which the polariza- 
tion class L defines an imbedding into a projective space CP^, there exists an 
isomorphism of it (as a marked CY manifold) with a fibre Mg of the family Zi,. 
c) The base has dimension h"^^'^. 

Corollary 12 Lety —tX be any family of marked polarized CY manifolds, then 
there exists a unique holomorphic map : X — > %{M) up to a biholomorphic 
map ip of M which induces the identity map on iJ„(M, Z). 

From now on we will denote by T(M) the irreducible component of the 
Teichmiiller space that contains our fixed CY manifold M. 

^This coordinate system is called fiat iiolomorphic coordinate system. It appeared for tiie 
first time in [14'. Based on the information of the author of 1131 . it is claimed in [T] that the 
flat coordinate system was introduced in [13]. The problem of the construction of the flat 
holomorphic coordinates was not addressed in |13) . 
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Definition 13 We will define the mapping class group Ti{M) of any compact 
CP^ manifold M as follows: 

T,{M)=Diff+{M)/Diffo{M), 

where Dif f^(M) is the group of diffeomorphisms of M preserving the orientation 
of M and DiffolM) is the group of diffeomorphisms isotopic to identity. 

Definition 14 Let L e Z) be the imaginary part of a Kdhler metric. 

We will denote by 

r2 :={<^eri(Af)|0(L) = i}. 

It is a well know fact that the moduli space of polarized algebraic manifolds 
A^i(M) = T(M)/r2. In [7] the following fact was established: 

Theorem 15 There exists a subgroup of finite index T l of T2 such that 
acts freely on T (M) and r\T(M) = ^^{M) is a non-singular quasi-projective 
variety. Over 971^ (M) there exists a family of polarized CY manifolds tt : M 

Remark 16 Theorem \15\ implies that we constructed a family of non-singular 
CY manifolds 

TT-.X-^mLiM) (13) 

over a quasi-projective non-singular variety 9Jli(iW). Moreover it is easy to see 
that X cCP^ xMLiM). So X is also quasi-projective. From now on we will 
work only with this family. 

Remark 17 Theorem\15\ implies that^L(,M) is a quasi-projective non-singular 
variety. Using Hironaka's resolution theorem, we can find a compactification 
WhiMj ofTlLiM) such thatWh{Mj - TlLiM) ^ D is a divisor with normal 
crossings. We will call £) the discriminant divisor. 

2.5 AfRne Flat Coordinates around Points at Infinity 

Theorem 18 Let Uoo = C be some open polydisk containing the 

point Too G 2D- Suppose that 

According to the results proved in jTjj there exists a complete family of polarized 
CY manifolds 

7r:X^Uoo-{Uoon^) = {D*f xD''-\ (14) 

Let LOx/Uoa relative dualizing line bundle. Then there exists a coordinate 

system {t^ , ...,t^ ,t^ , ...,t'^~^) on the universal cover (U)'' x D^-^ of {D*)^ x 
D^~^ and a global section uOr ^(U)'^ ,tt^.uo^ ^^jj-^k^ such that: 

k k 
i=l — 1 
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njc N — k 

j=l i<j=i 

Proof: The proof of Theorem [TH] is based on the resuhs obtamed in |B] . 

Lemma 19 Suppose that t^o = C Uac md D is an open disk in Uoo containing 
0. Suppose that the monodromy operator T of the restriction of the family ([7^ 
on D — D C]D is of infinite order. Then there exists a non zero section 

such that 

(16) 



70 

where 70 a a primitive invariant vanishing cycle with respect to the monodromy 
operator T. 

Proof: Let us consider the family (fH)) . Since we assumed that DC\U 00 is any 
open disk and that Uoo is a polydisk, then we can construct a non zero family 
of holomorphic forms fit over D n Uoo according to [5] . So we can analytically 
extend this family to a family of holomorphic forms fJ^ over Uoo- Thus we get: 

nr er{TT-^{Uoo-DnUoo) 

such that at each r G Uoo ~ DC\ Uoo, 7^ 0. According to Theorem 37 proved 
in [Sj we have 

jntj^Q and lim J ilt ^ (17) 

70 70 

for t £ D. p7|) implies that the function <j){t) = Jv,r is different from zero on 

70 

Uoo — Df^Uoo- Then we can define ujr = Clearly the family of holomorphic 
n- forms Ur satisfies ([T6| . Lemma [T9l is proved. ■ 

Lemma 20 Suppose that the monodromy operator T of the restriction of the 
family ( |_?^p on D ~ DHD — Too is of finite order m. Then there exists an— cycle 
7o and a non zero section w,- G F {Uoot''^*^x /u^ (log®)) ; such that on Uoo we 
have 

lim fujr = l. (18) 

70 

Proof: Let 0^ : D D he the map t ^ t"^. Let us puUback the restriction 
of the family p4p by . Then the monodromy operator T of the new family 
will be the identity. Then we can choose a n— cycle 70 such that 

lim/ ^ 0. 

70 
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The family of holomorphic forms fit can be prolong to a family fl^ over Uoo — 
{Uoo n S)) such that (f>{T) := y $7,- is a non zero fmiction on Uoo- Then uJr '■— 



satisfies 



lim / UJr 



Lemma [20l is proved. ■ 

We define the flat affine coordinates 

(r^...,r^t^...,^^-^■) 

in (U)'^ X D^~^ as follows: Let uJr be the family of holomorphic n— forms 
defined on Uoo by Lemmas [19] and [20l Local Torelli Theorem implies that we 
can choose a basis of cycles 

(70,717 ••■■,7Af7 7JV+i, •■■,72JV+i, ■••76„) 
of Hn (M,Z) satisfying 

(7i, 7j>M = 0' 727V+1-j)m = % 

for i — 0, ...,k; j = 1, ...,N ~ k such that if 



Wr, i = 1, and t-' := j LOr, j = I, N - k (19) 

then (r^, r'^, i^, t^^'^) will be a local coordinate system in (U)'' x {D)^ . 

Lemma 21 Let G (U)'^ 6e any fixed point. Then the Taylor expansion of the 
family of holomorphic n forms uJr constructed in Lemmas [HI and [13 satisfies 
Gil- 



Proof: We know from [T3] that we can identify the tangent space at 
€E Uoo — (C^oo n X)) with i?^(Mo, T]y°). The contraction with ojq defines an 
isomorphism 

Thus the tangent vectors 

can be identified with classes of cohomologies ujifi(n — 1, 1) := ui^jcjii of type 
(n — 1,1). Griffiths' transversality implies that for < = we have 

d \ 

Q-i^r I |r=0 = flO^O + t^O-l0i = flO^^O + t^t,o("- - 1, 1) (20) 
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and 



) |t=0 



aij(0)cJo + ^'ij(O) (t^^J,o(?^ - 1, 1)) + c,j(0)tj,j- o(" - 2, 2). (21) 

Proposition 22 VFe /laue oq = aij (O) = &ij (0) = and Cy (0) = const ^ in 
the expression ^21]\ . 



Proof: The definition of the coordinates (r^, ...,t'^) and (PU)) and imply 
that 

ao = 0. (22) 
From (1211) and (l22ll we can conclude that for 1 < i < fc and t ~ we have 



(U)'= 



■ Wo + (woJ(/)i) ■ 



^ X! (^«i(0)'^«j\o(" - 1, 1) + c.u(0) (woj(/>jj0j)) rV^ + 
where 6ij(0) and Cy (0) are constants. So implies 



_d_ 



LOt = 0. 



Since 



and 



we deduce that 



(y^i^-^ |t=o = t^oJ^i t^i,o(?^ - 1, 1), 
fc 

(U)^- = ^0 + X!"^'^* {^ifi{n - 1, 1)) + ... 

i=l 

J[uJiMin - 1, 1)] = and J [uji^o{n - 1, 1)] = 5,^ 



70 



Thus lllD and ^ imply that a, = 1. 
The relations (HH) and (gSl) imply that 



^^i,3,oin - 1, 1) = 



(23) 



(24) 



(25) 



7fs 
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for any 7^ such that j lUt- — r''. Indeed (I24p impUes that for any non zero cfosed 

7fc 

form ^(n — 1, 1) of type (n — 1, 1) there exists 7^ such that 

J uj{n- 1,1)^0. (26) 

Thus (HH) and (gB]) imply that &i,j(0) = 0. Proposition [21] is proved. ■ 
Proposition mi implies Lemma [HJ ■ Lemma \n\ implies Theorem [T51 ■ 

Remark 23 Theorem \18\ states that the coordinates used in the special geometry 
and the flat affine coordinates introduced in 114^ by Theorems and are the 
same. This fact is mentioned in #5.1 of fJ^. In the same paper the authors 
referred to [30] (private communication by Tian) for the introduction of the flat 
affine coordinates. 



3 Metrics on Vector Bundles with Logarithmic 
Growth 

3.1 Mumford Theory 

In this Section we are going to recall some definitions and results from pT| . 
Let X be a quasi-projective variety. Let X be a projective compactification of X 
such that X— X= Dqo is a divisor with normal crossings. The existence of such 
compactification follows from the Hironaka's results. We will look at polydisk 
C X, where D is the unit disk, N ~ dimX such that 



nX (D*)" X D 



N-k 



where D* 
metric 



13 — and q is the coordinate in D. On D* we have the Poincare 



\dq\' 



qf (logkl)^ 



On the unit disk D we have the simple metric \dt\ . The product metric on 
(D*)'=xD^-'= we will cah tu^^l 

A complex-valued C°° p-form 77 on X is said to have Poincare growth on 
X— X if there is a set of if for a covering {Ua} by polydisks of X— X such that 
in each Ua the following estimate holds: 



V [q 



k ^k+i 



(27) 



where 



(loglg'l)' 
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This property is independent of the covering {Lia} of X but depends on the 
compactification X. If rji and 772 both have Poincare growth on X— X then so 
does 771 A 772- A complex valued C°° p-form 77 on X wiU be called "good" on X 
if both 77 and dij have Poincare growth. 

An important property of Poincare growth is the following: 

Theorem 24 Suppose that the rj is a p-form with a Poincare growth on X—X= 
Soo- Then for every CP° (r — p) form tp on X we have: 

1 7/ A ^ I < 00 . 

Hence, rj defines a current [77] on X. 

Proof:For the proof see [TT]. ■ 

Definition 25 Let £ be a vector bundle on X with a Hermitian metric h. We 
will call h a good metric on X if the following holds. 1 . If for all xCz X ~ X, 
there exist sections 

ei, e™ e £ |D«-(_D«nS)oo) 

of £ which form a basis of £ |D"-(Z5"n£)oc) ■ ^- ^'^ neighborhood of x& 
X—X in which 

and X—X= D^o is given by 

t^ X ... X <^ = 
the metric hg =h(ei,ej) has the following properties: a. 

/ ^ \ 2m , ,, V 2m 



<C^log|g'| , (det(/7))-i<C^log|g'| (28) 



N 



for some C > and m > 0. b. The 1-forms {{dh) h ^) are good forms onXOD 

It is easy to prove that there exists a unique extension £ of £ on X, i.e. £ 
is defined locally as holomorphic sections of £ which have a finite norm in h. 

Theorem 26 Let {£, h) be a vector bundle with a good metric on X, then the 
Chern classes Ck(£,h) are good forms on X and the currents [ck {£, h)] represent 
the cohomology classes Ck{£,h) e H^'^ {X,Z) . 

Proof: For the proof see [11] . ■ 
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3.2 Example of a Good Metric 

Theorem 27 Let tt : Ui x ... x 11^ {D*)^ he the uniformization map, where 
U is the unit disk. Suppose that 

«;ooe (9(U))'= = (^1)', 

Let h be a metric on the line bundle C — > [D*)^ . Let 

{r„} e Ui X ... X Ufc 

he any sequence such that 

lim r™ = G Ui X ... x life - Ui x ... x Ufc 

m— ^oo 

and 

lim ^(t„0 = 0G p)'^ = {D*f. 

m— i-oo 

Suppose that 7r*{h) — hijk is defined on Ui x ... x \Jk as follows: 

k 

V :=^(l-|r'p)+0(r,r), (29) 

i=l 

where (j){T,'f) is a bounded C°° function on (U)'^ and 

lim (t>{Tra,T^) = Hm /lu'=(T-m,TWr) = 0. 

m — *oo m — ^oo 

Then h is a good metric in the sense of Mumford on the line bundle C — > {D*)^ . 



Proof: We need to show that h satisfies the conditions ([28)1 and that 
d\ogh\jk is a good form. The conditions (pS)) followed immediately from the 
expression (P7|) for the metric defined by /lu^ • We need to show that h satisfies 
(|27|) , i.e. (9 log ft, is a good form. 



Lemma 28 The (1,0) form dlogh is a good form. 

Proof: The definition of a good form implies that d log /i is a ^ood form 
on {D*) if and only iff dloghfjj^k satisfies on the universal cover (U) of {D*Y 

the following inequalities on each unit disk U; C (U)*" : 



0<¥^¥^<c,-^ (30) 



hv, /iu, ~ (1-|t^|2) 
and 



0<^(^rlZ^) 1 (31) 
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where c > 0. This statement fohows from the fact that the puUback of the metric 
with a constant curvature on [D*)^ is the Poincare metric on (U)'^ , i.e. 



v^^^^^ — 2 =E- 



ri\2\ 



and 91og7r*(/i) = Olog/i^y^fc. 

Proposition 29 T/ie /orm Qlog/i^^y^fc satisfies ([23) aJ^rf ((211) • 

Proof: ([501) ^''^d ([511) will follow if we prove that the restriction of d log /i^u^fc 
on each satisfies (|30l) and ([5T1) . Direct computations show that the expression 
([^^1) of /i(-u)fc implies that we have : 

{t\7^) /i(U).|u. = (1 - |t|2) (t\7^) > 0, (32) 

where 

lim (t>i{T'y) = lim h,{T\V) = 
and 4>i{T^,T^) is a bounded C°° function on U^. ([32l) implies: 

0< (l-|rf ) <a;i, (r\7^), (33) 



where > 0. Thus we get from psp that if tq is any complex number such 
that I To I — 1 then the limit 

exists and 

< lim ^ / _/ = c. (34) 
Direct computations show that 



(35) 



We derive from ([M| , (|35p and the fact that 0^ is bounded C°° function on 
that we have: 
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and 



< 



d_ 



fdhi 



< ci- 



\2 ' 



(36) 



where ci > 0. Thus ([36]) imphes that 9 log ft. defines a good form on the line 
bundle £ restricted on [D*)^ . Lemma [28] is proved. ■ 
Lemma [28l implies Theorem [27] ■ 



4 Applications of Mumford Theory to the Mod- 
uU of CY 

4.1 The Metric is Good 

We are going to prove the following result: 
Theorem 30 The natural I? metric : 



h(T,T) = llc^^ll' := (-1)-^ (\/^" / (37) 



M 



on 7r» {yJx(M)/^i,{M)) 9JIl(A^) is a good metric. 



Outline of the proof of Theorem [30] Let (D)^ be a polydisk in Ml (M) 
such that G (L*)^ HD ^ 0, where TV = dime S[riL(M). To prove Theorem [30l 
we need to derive an explicit formula for the metric (wt-jWt-) :— h[T,T) on the 
line bundle tt, {^x/miL(M)) restricted on 



{Df - ({Df n = {D*f X {D) 
Let (U^)'= X {D)^-^ be the universal cover of 

{Df - [{Df n ^ {D*f X {D) 



N-k 



N-k 



where are the unit disks. Let 

TT : (U*)'' X {Df-^ -> {D*f X {Df^^ (38) 

be the covering map. 

We will prove that formula ^ implies that we have the following expres- 
sion for the metric {u!T,uJr) ■= h{T,T) on tt* {ojx /mL{M)) restricted on the 
universal covering of (U*)'= x {Df-'' of {D*)'' x {Df~'' : 

k N 

E(l-I^f)+ E (l-|t^f)+</'(r,r) + vI/(t,t) (39) 

i=l j=k+l 

where 4>{t,t), '^{t,t) are bounded real analytic functions on (U*)'^ x {Df^''. 
Theorem [27] and formula ([39]) imply Theorem [30l 

Proof: The proof will follow from the Lemma proved bellow. 
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Lemma 31 Let (U) he the universal cover of {D*Y := [D) - (D) n OTl(M) 
where U is the unit disk. Then 

i. There exists a family of CY manifolds 

TT* (a-^u).) (U)\ (40) 



such that 



over (U)*^ and a holomorphic section lu G {O-^)'' T'^*'-^x{M)/{ijy 
LOr ~ lo\m^ is a non zero holomorphic form on Mr- 

ii. {u!t,uJt) can be represented on (U)*^ as follows: 

k 

(K], [Ujr]) = h{T,T) = E (l - kf ) + <^(^'^)' (41) 

1=1 

where (j){T,T) is a hounded real analytic functions on (U)'^ such that the limits 

lim h{T,T) and lim (f){T,T) 

r^Ko,e(u)''-(u)'= T^K^e(u)'°-(u)'= 

exist where 

lim (7r-i(gi) = r\...,7r-i(gi) = r'=), 

(gi,...,g'')-^(0,...,0) 

and e (9U)''. 

iii. Suppose that lim h{T,T) =0. T/ien 

T^Kooe(u)'°-(U)'= 

lim (/<(r, r) = 0. 

r^K^e(u)''-(U)'= 

iv. The function (j>{T,T) is bounded on (U)'' ■ 

Proof of i: Since {D*)^ C 9JIl(M), Remark [TBI implies that there exists a 
family of CY manifolds 

TT : A-p.). ^ {D*f (42) 

over {D*Y . Because p : {\])^ {D*Y is the universal cover of {D*)^ , then the 
pull back of the family ((42|) by p defines the family ((40|) . Let w,- be the section 
of the pullback of the restriction of the relative dualizing line bundle t^x /dnL(M) 
on [D*)^ on (U)*^ constructed in Theorem[THl ■ 

Proof of ii: The proof of Part ii is based on the following Proposition: 

Proposition 32 Let us consider {Da^^a^f C {D*f C {DY C S[Hl(M), where 

L>ai,a2 ■= {t G L)ai,a2 ll'^l < 1 '"^'^ ^^l < arg t < Q;2 } • 
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Suppose the closure of {Da-^.a-^)^ i^)^ contains € — ■ Let us 

consider the restriction of the family ^^0[ 

on {Dai 02)^ ^ Let uj 1, -.k he the restriction of dualizing 

sheaf of the family of polarized CY manifolds on {Dai ^02)'' ■ Then there 
exists a global section 

such that the classes of cohomology [rjq] defined by the restriction of rj on all of 
the fibres Ti^^ {q) :=Mq for q ^ {Dai. 02)'' are non zero elements of H'^{Mq^VL''^ ). 
The limit lim [rjq] exists and 

lim[r/9] = [rio] and ([r/o], [%]) > 0. (44) 

g^O 

Proof: {Dai,a2)^ is a contractible sector in {D*)'^ . Thus if we fix a basis 



(71, ...,7b^) in H"-{M,7j)/Tor then we are fixing the marking of the family (|43)) 
over each point M,- for each point r e (^01,02)'^ ■ This means that the basis 
(7i,...,7b,J of H"{M,Z)/Tor is defined and fixed on H"'{Mr,Z)/Tor on each 
fibre of the family p3)). Now we can define the period map of the family by 



P{'l) I J Vq, 

where rjq is a non zero holomorphic form on 7r^^(g) :=Mg. Local Torelli Theorem 
implies that the period map p of marked CY manifolds 

p:{Dai,c.2f ^nH'\W))- (45) 

IS an embedding {Dai,a2) C P(i/"(M,C)). Thus we can conclude from the 
compactness of P(_ff"(M, C)) and ([45]) the existence of a sequence of [r/g] such 
that 

lhii[?7g] = [r/o] (46) 



exists and 77IM0 7^ 0. (gSl) imphes (j44]) . ■ 

Corollary 33 There exists a global section rj G H'^ (^{V)'^ ,ujx^^^f./(ij)''^ such 
that lim [rjr] exists and 

hm [,7,] = [,7,^] ^ 0. (47) 
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Proposition 34 Let {oJt} be the family of holomorphic n~ forms constructed in 
Theorem \ 1 8\ on the family restricted on (V)'^ ■ Then the limit lim [uJt-] 

exists, 

lim = [uJoo] and ([woo] , [woo]> > 0. (48) 

Proof: According to Corollary [33] there exists a global section 

such that lim [rjT-] satisfies (|47)) . The relation between the cohomologies of 

holomorphic forms rjr := r]q and lUt- are given by the formula [rjr] — ip{T)[uJr], 
where (pir) is a holomorphic function on the product (U)*^. According to Theo- 
rem [7] we have 

0< < (K,],K]). (49) 

Thus (gg) , (gH) and [77^] = ip{T)[u!r] imply formula (gH). So the limit 

lim 

r^Kooe(u)'=-(U)'= 



exists and 

lim {['^t], [^t]) = limft,(r,r) = /i(koo) > 0. 

Proposition [53] is proved. ■ 

Corollary 35 Let [woo] be defined by l\4-8\j . Then ([c^oo] , ["-^oo]) =^ if and only 
if the monodromy of the restriction of the family (j is infinite. 



Notice that the functions (([?7r], ['7r])) and ([cj^], [cj^]) are real analytic. If 
we normalize uq and <pi such that 

and 

we get from © the following expression 

/i(r,r) = 

k 

1 - El^'l' + E (^0^ (<^^ ^ 0fc) ,u;oJ (-/-J A 0i)) tVt'^T' + 0(r5) = 

i=l i<j 

k 

l-J2\rr + Hr,T) (50) 
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holds. Also ([50)1 implies that the restriction of ([w,-], [cj^]) = h{T,T) on the 
universal cover (U) of {D*y win be given by l|^T|) . i.e. 

fe 

(K], K]) = /i(r,r) = 1 - ^ |rf + <i>(T,T). 

1=1 

Proof of ([^T]) : We can rewrite the above expression as follows: 

fe 

{[Cjr], M) = hiT,T) = l-J2 + = 

1=1 

fe k 

^ (i ~ |rf ) - + 1 + a>(T,T) = E (i - ) + '^(^'^)- (51) 

i=l 1=1 

where (j){T,T) = $(r, r) — fc + 1. Proposition [Ml and imply that 

lim h(T,T), lim 4'{t,t) 

T-*Koce(u)'°~(u)'= r^K„„e(u)''-(u)'= 

exist and (j){T,T) is a bounded real analytic function on (U)'°. Part ii of Lemma 
ISTlis proved. ■ 

Proof of part iii: Suppose that U is the unit disk and 

lim {lOt^uJt) — lim h{T,T) — 0. 

T^K^e(u)'''-(u)'= r^K^e(u)'=-(u)'= 

Notice that since Koo G (U)*^ — (U)'', where U is the unit disk then for each i 
we have (^l — = and thus 

k 

^(l-|«L.r)-0. (52) 

i=l 

Thus (HI]) and imply (gT]) . Part iii is proved. ■ 
Part iii implies Part iv. ■ 
Lemma ini] is proved. ■ 

Lemma 36 Suppose that the metric on the relative dualizing sheaf defined 
by the function h{T,T) = {bJr,ujr) on 

- (D^ n D) = {D* f X D^-^ C 9}Tl(M). 

is hounded on , ^l(_D)«-(D)"n2) ^ ^ '^^'^ ^\{D)'^ns — ^- Then the metric 
is good. 

Proof: The proof of Lemma [36l is obvious. ■ 

The expression (|4T1) for the metric and Theorem [27l implies that if 

'*l(n)"n2 ^ 

then the metric is a good metric . Theorem [30l is proved. ■ 
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4.2 The Weil-Petersson Volumes are Rational Numbers 

Theorem 37 The Weil-Petersson volume of the moduli space of polarized CY 
manifolds is finite and it is a rational number. 

Proof: Theorem [30] implies that the metric on the relative dualizing sheaf 
iOx/wiLiM) defined by (|37|) is a good metric. This implies that the Chern form 
of any good metric defines a class of cohomology in 

(WhW), n H^-^ (otl(m), z) . 

See Theorem[26l We know from [14J that the Chern form of the metric h is equal 
to minus the imaginary part of the Weil-Petersson metric. So the imaginary 
part of the Weil-Petersson metric is a good form in the sense of Mumford. This 
implies that 

9Jlt(M) 

since 971l(M) is a smooth manifold. Since ^^(M) is a finite cover of the moduli 
space Ai l (M) then the Weil-Petersson volume of Ai^ (M) will be a rational 
number. Theorem [37] is proved. ■ 

In the paper [T0| the authors proved that the Weil-Petersson volumes of the 
moduli space of CY manifolds are finite. 

Corollary 38 The Weil-Petersson metric is a good metric on the moduli space 
dJlL{M) and the Chern forms Ck [W. — P.] of the Weil-Petersson metric are well 

defined elements of H'^^ (^9JIl(M), z) . 
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